
 

MATH 2050C Lecture 14 Mars

Problem Set 7 posted due on Mar 11

Cauchy sequences 3.5 of textbook

Q Given kn can we tell whether it is

convergent without knowing its limit

AI MCT bold monotone convergent

However is false since a convergent

sequence may not be monotone

E.g xn o

A 2 Cauchy criteria

Def't A seq kn is called Cauchy if
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Remark The potential limit 2C of Xn does

NEI come up in the definition of Cauchy seq

Example 1 xn i th is Cauchy

Pt Let E 0 be fixed but arbitrary
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Example 2 kn a It C 13 is NEI Cauchy

Pf Note that Gcn is NI Cauchy iff
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Take Eo I o For any H C IN fixed
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Then Cauchy Criteria

xn convergent 4 7 Xu Cauchy
ie necessary
Sufficient Condition

Proof Easier direction

Suppose kn is convergent say lim kn X

Let E o be fixed but arbitrary

By E K defI of limit I k K EG C IN 5 t

I kn x l c E t n 3 K

Choose It K C IN then t n m 3 H

I Xu 7cm I E I kn k I t 17cm 7C I
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So Gen is a Cauchy seq by deft



Suppose Gen is Cauchy

idea come up with a potential candidate for

the limit using BWT and use Cauchy
to prove that this is really the limit

Claim 1 kn is bold

PI Since Gcn is Cauchy take Eo I 20 then
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Fix m It then by reverse triangle ineq
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Then 12cal E M On C IN ie Can bold

Apply Bolzano Weierstrass Thm I subseq

Kuk of Gcn set him In 2C
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Claim 2 r lim xn 2C
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Xn Ku Kuk X

PI Since Gcn is Cauchy let Eso be fixed

but arbitrary then I H H E E N SE

I Xn Xm Ic Eg V nom H

on the other hands since m Into X
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So Xn is converging to 2C
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Example Consider the seq kn defined

inductively by X i 1 Xz 2 and

Xn a Lz Xn et Xu z 4h33

Show that Gcn is convergent and find its

limit
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Note kn is bold but n monotone

So we need to use Cauchy criteria instead

Pt observe that we have n
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yClaim xn is Cauchy convergent

PI Let Eso be fixed but arbitrary



Choose It C IN St H 7 4
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Apply Cauchy Criteria lim xn x exists

qq ooo
XhCXnttXn q

take limit x XtE x



Even though xn is NIT monotone the odd

subseq is Consider the sub Elf GC2k c Ken
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Limit of Functions Ch 4 in textbook

GOAL Define him fCx L for functions
x c

f A EIR R for those C which are

cluster point of A

Idea f x L when X C ANTI X E A

So fix isdefined



DEI n Let AER We say that C C B

is a cluster point of A iff
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Remark The cluster pf CG IR may or may

not belong to A

Examples
c I 2

A f 1,2 NE cluster pt g
a 1B

A a An NI cluster pt
Ae co 1

A IN NI cluster Pt of R
c C

A o 1 Any C C Co IT is a duster pt
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Prop CG IR is a cluster pt of A

7 I seq au in A se Aut e them

and him can C
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